Abstract-We investigate an analytical approach based on transmission line model to design mantle cloak for multilayer and/or inhomogeneous dielectric objects. Our proposed model is verified with different numerical results. The results matched well with each other. Also, the required impedance for making an inhomogeneous material invisible is calculated analytically. Finally, some complex structures are implemented using CST simulator and suitable performance is reached. So, it is proved that mantle cloak is applicable for making complex inhomogeneous materials invisible. However, bulk configuration, heavy weight and narrow bandwidth are serious issues in many proposed platforms.
In this paper some close-form equations have been presented in order to analyze multilayer structures. The analytical equations required to calculate the cloak impedance and the separation distance between the object and the mantle cloak, are obtained using transmission line method. To verify the suggested equations some complex structures are implemented in ADS and CST simulators.
Simulation results show good agreement with analytical solutions. Furthermore, an inhomogeneous material is considered and solved by dividing it into thin homogenous layers by means of abovementioned method. The required impedance for making this object invisible is calculated using the close form equation.
II. DEVELOPMENT OF THE PROPOSED MANTLE CLOAK FOR MULTILAYER SLABS
In this section a multilayer structure covered by a mantle cloak layer based on transmission line method has been modeled and shown in Figure 1a , 1b and 1c. As can be seen there is a multilayer object covered by a frequency selective surface (FSS) and there is a gap between the object and the FSS as it is necessary for designing a mantle cloak. all the layers are assumed to be homogenous and the layers are electrically thin (βd << λ) and it is supposed all the structures are under illumination of plane wave with normal incident angle. In order to deliver analytical equations for cloaking multilayer structures at first step a two-layer structure is studied using transmission line model, equating S 11 to zero ( figure 1-b) . Therefore, the equations 1 and 2 are found for deriving Xs and d. Xs and d have been defined as the required impedance for making the structure invisible and the optimum distance between Xs and the structure to achieve maximum cloaking, respectively. 
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These equations can be extended to 4 and 5 for multilayer structures. ......
Where λ i , η i and β i are wavelength, impedance and wave number of ith layer, respectively. In these equations the high order sentences of ϕ i are ignored. Equations 1 and 2 can be generalized for an i-layer structure. By writing the transfer matrix of each layer then deriving the total impedance of the structure z total , Equations 4 to 6 can be obtained. The transfer matrix and z total are expressed as in equations 7 and 8, respectively. Xs and ϕ 0 are obtained by equating the reflection Γ of the structure to zero. This approach has been used in relevant studies [26] to solve scattering problems.
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In the transmission line model, the frequency selective surface is modeled by the impedance of z d .
In order to validate the above-mentioned equations some multilayer structures are explored. The scattering problem is solved by two different methods. At first S parameters are calculated with use of transmission line model ( Fig.1.b ) and equations 9, 10 and 11. 
Then, the transmission and reflection coefficients are found analytically by writing the electric and magnetic fields in each layer and forcing the boundary conditions. These fields are shown in figure   1 .c. The boundary condition for the tangential magnetic field on the FSS surface is specified by equation 11 and the tangential electric field is continuous. and the separation distance are calculated and chosen equal to j333 ohm and λ/150, respectively. Figure 2 shows the S parameters achieved with both methods for the single dielectric and cloak object brought using MATLAB. As it is clear from figure, most of the wave is transmitted (S21 is near 0 dB) and reflection is minimized (S11 improved more than 10 dB in comparison to the uncloaked slab) at the designed frequency of f 0 . As a result, the scattering is drastically suppressed. There is a little shift in the center frequency due to the mentioned approximations.
To verify generality of the attained equations, a five layer material is considered. In this structure As it is shown in figure 5 , after dividing inhomogeneous slabs into small sub-layers, ε r in each sublayer is considered equal to the average ε r of the beginning and ending points of that sub-layer. This method makes little error. For n=7 the approximated ε r has good agreement with the original ε r ( figure   5 ) since having more sub-layer leads to have more accurate response. As the distance between object and FSS has a little effect on the response it is assumed to be λ/61 in all the stages. Table II shows the calculated z x in each stage. Figure 6 demonstrates the computed impedance versus the number of the sub-layers for both profiles. These curves prove the total impedances are j562 ohm and j331 ohm for square and logarithmic profiles, respectively. The calculated impedances for n=7 are j557 and j331.72
with negligible error of 0.8 % and 0.2%, respectively. Lower error of the approximated impedance for the second profile is due to its smoother variation versus thickness. It means the suggested square profile is closer to linear in compare with the suggested logarithm profile.
The error is estimated with subtracting the calculated impedance in each stage from the final value and dividing the attained value into final value. The final impedance value is achieved when n is going toward infinity. Equation 13 describes the error: So, the S parameters obtained for n=7 can be considered as the S parameters for the inhomogeneous slab. As can be seen in figure 7 for n>4 S parameters are almost similar. As it is expected from table II. The S parameters of logarithmic profile divided into 3 sub-layers have lower error than square profile due to its smoother changes versus thickness. As it is mentioned before the suggested logarithmic profile is closer to linear than the suggested square profile. 
IV. STUDY OF SOME INHOMOGENEOUS CYLINDERS
The ability of mantle cloak to make 2D multilayered structures invisible has been presented in this section. Consider a multilayered cylinder under illumination of TM electromagnetic wave (Fig.8) . The The electric fields in each layer are considered as:
In above equations E inc and E s are incident electric field and scattered electric field, respectively.
The electric field in ith layer is demonstrated with E i . The electric field in the inner cylinder is described with E 1 . Also magnetic fields can be easily obtained from below equation:
The unknown coefficients are computed using boundary conditions which are explained in [10] .
Some different multilayered profiles have been chosen in this study. The specifications of these profiles are shown in table III. For these profiles the z s is computed using equation 19. The total ε r is considered as the average electric constants of all layers. The scattering widths of the multilayered cylinders are shown in figure 9 . Similar to 1D
inhomogeneous slab, different profiles of ε r can be estimated using several homogeneous layers. As it is expected, the profiles had smoother variations versus radius have the minimum of scattering width closer to frequency of f 0 . This means the considered Z s for these profiles shows lower error.
V. IMPLEMENTATION OF NUMERICAL EXAMPLES
The main purpose of this section is the ability of mantle cloak to make the multilayer structures which are not electrically small invisible. For this reason, some multilayer structures are implemented using CST. The thickness of all structures is chosen equal to λ/10. So, the condition of βd<<λ 0 is not satisfied and the equations 3 and 4 cannot be used.
The required impedance for cloaking these structures can be obtained with use of FSS surfaces.
Here square structure is considered as FSS. This structure is drawn in figure 10 -a. Figure 10 -b shows whole simulated structure which consists of the object and FSS. Two-layer and five-layer geometries are implemented using CST simulator. The characteristics of both structures and FSSs are given in S21 with cloak S11 with cloak S11 without cloak S21 without cloak Fig.11 . The E field distribution for the two layered object a) with cloak b) without cloak. c) the S parameters for this structure with and without cloak. 
